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Devwudfw
Wkh huuru fruuhfwlrq prgho iru vhdvrqdo frlqwhjudwlrq lv dqdo|}hg1 Frqgl0
wlrqv duh irxqg xqghu zklfk wkh surfhvv lv lqwhjudwhg ri rughu 4 dqg frlqwhjudwhg
dw vhdvrqdo iuhtxhqf|/ dqg d uhsuhvhqwdwlrq wkhruhp lv jlyhq1 Wkh olnholkrrg
ixqfwlrq lv dqdo|}hg dqg wkh qxphulfdo fdofxodwlrq ri wkh pd{lpxp olnholkrrg
hvwlpdwruv lv glvfxvvhg1 Wkh dv|pswrwlf glvwulexwlrq ri wkh olnholkrrg udwlr whvw
iru frlqwhjudwlqj udqn lv jlyhq1 Lw lv vkrzq wkdw wkh hvwlpdwhg frlqwhjudwlqj
yhfwruv duh dv|pswrwlfdoo| pl{hg Jdxvvldq1 Wkh uhvxowv uhvhpeoh wkh uhvxowv iru
frlqwhjudwlrq dw }hur iuhtxhqf| zkhq h{suhvvhg lq whupv ri d frpsoh{ Eurzqldq
prwlrq1 Wdeohv duh surylghg iru dv|pswrwlf lqihuhqfh1
Nh| zrugv= Dxwruhjuhvvlyh surfhvv> Judqjhu*v wkhruhp> Huuru fruuhfwlrq
prgho> Frpsoh{ Eurzqldq prwlrq
MHO fodvvlfdwlrq= F654L q w u r g x f w l r q
Wklv sdshu frqwdlqv d v|vwhpdwlf wuhdwphqw ri wkh vwdwlvwlfdo dqdo|vlv ri vhdvrqdo
frlqwhjudwlrq lq wkh yhfwru dxwruhjuhvvlyh prgho1 Wkh wkhru| vwduwhg zlwk wkh
sdshu e| K|oohehuj/ Hqjoh/ Judqjhu/ dqg \rr +4<<3, zklfk jdyh wkh pdlq uhvxowv
rq wkh uhsuhvhqwdwlrq dqg wkh vlqjoh htxdwlrq whvwv iru frlqwhjudwlrq dw frpsoh{
iuhtxhqflhv1 Dq dqdo|vlv ri vhdvrqdo frlqwhjudwlrq ri Mdsdqhvh frqvxpswlrq zdv
jlyhq lq Hqjoh/ Judqjhu/ K|oohehuj/ dqg Ohh +4<<6,1 Vhdvrqdo frlqwhjudwlrq
dqdo|vlv lv surpswhg e| wkh hpslulfdo qglqj wkdw wkh yhfwru dxwruhjuhvvlyh
prgho riwhq ghvfuleh pdfur gdwd txlwh zhoo1 Wkh rffxuuhqfh ri xqlw urrwv lq wkh
wwhg surfhvv lpsolhv wkdw lw lv qrq0vwdwlrqdu|/ dqg wkh rffxuuhqfh ri xqlw urrwv
dw vhdvrqdo iuhtxhqf| lpsolhv d qrq0vwdwlrqdu| vhdvrqdo yduldwlrq1 Wklv djdlq
lpsolhv wkh srvvlelolw| ri vhdvrqdo frlqwhjudwlrq/ dqg wkh skhqrphqrq wkdw wkh
vhdvrqdolw| guliwv/ vxfk wkdw vxpphu ehfrphv zlqwhu1
Wkh sdshu rq pd{lpxp olnholkrrg lqihuhqfh e| Ohh +4<<5, vhwv wkh vwdjh
iru wkh dqdo|vlv ri pxowlyduldwh v|vwhpv1 Xqiruwxqdwho| lw grhv qrw wuhdw doo
dvshfwv ri dv|pswrwlf lqihuhqfh/ dqg wkh whvw iru frlqwhjudwlrq udqn lv rqo|
sduwldoo| fruuhfw1 Wkh wzr sdshuv e| Juhjrlu +4<<6d/e, ghdo zlwk d yhu| jhqhudo
vlwxdwlrq ri xqlw urrwv doorzlqj iru surfhvvhv wr eh lqwhjudwhg ri rughu juhdwhu
wkdq 4 dw dq| iuhtxhqf|/ exw gr qrw wuhdw olnholkrrg lqihuhqfh1
Wkh sxusrvh ri wklv sdshu lv wkhuhiruh wr lpsuryh rq wkh suhylrxv dqdo|vlv
dqg glvfxvv pd{lpxp olnholkrrg hvwlpdwlrq/ fdofxodwlrq ri whvw vwdwlvwlfv/ dqg
ghulydwlrq ri dv|pswrwlf glvwulexwlrqv lq wkh frqwh{w ri wkh yhfwru dxwruhjuhvvlyh
prgho1 Lq wkh surfhvv ri grlqj vr lw lv qdwxudo wr jlyh wkh pdwkhpdwlfdo wkhru| ri
wkh Judqjhu uhsuhvhqwdwlrq/ wkh huuru fruuhfwlrq prgho/ wkh uroh ri wkh frqvwdqw
whup/ dqg vhdvrqdo gxpplhv1 Wkh edvlf qhz wulfn lv wkh lqwurgxfwlrq ri wkh
frpsoh{ Eurzqldq prwlrq/ zklfk pdnhv pdq| fdofxodwlrqv pruh qdwxudo dqg
juhdwo| vlpsolhv irupxodh iru olplw glvwulexwlrqv1 Zh irfxv pdlqo| rq frpsoh{
urrwv/ vlqfh wkh fdvh zlwk urrwv dw 4 lv zhoo nqrzq iurp wkh olwhudwxuh/ vhh
Mrkdqvhq +4<<9,/ dqg wkh vlwxdwlrq zlwk d urrw dw 04 fdq eh ghdow zlwk xvlqj
wkh vdph phwkrgv/ vhh Ohh +4<<5,1
Zh frqvlghu wkh dxwruhjuhvvlyh prgho ghqhg iru dq ?glphqvlrqdo sur0




￿f|3￿ nx ( |n0 |c +4,
zkhuh zh dvvxph wkdw wkh lqlwldo ydoxhv ffccf 3,n￿ duh {hg1 Zkhq ghulylqj
hvwlpdwruv dqg whvw vwdwlvwlfv zh dovr dvvxph wkdw 0| duh l1l1g1 ?Efcl/z k l o h
4wkh dv|pswrwlf uhvxowv duh suryhg xqghu wkh dvvxpswlrq wkdw wkh huuruv duh l1l1g1
zlwk qlwh yduldqfh dqg phdq }hur1 Wklv dvvxpswlrq fdq eh ixuwkhu uhod{hg/
vhh Fkdq dqg Zhl +4<;;,/ dqg wkh frpphqwv lq Vhfwlrq 71 Wkh ghwhuplqlvwlf
whupv (| pd| frqwdlq d frqvwdqw/ d olqhdu whup/ ru vhdvrqdo gxpplhv1 Ydulrxv
prghov ghqhg e| uhvwulfwlrqv rq wkh ghwhuplqlvwlf whupv zloo eh frqvlghuhg1
Wkh surshuwlhv ri wkh surfhvv jhqhudwhg e| +4, duh dv xvxdo h{suhvvhg lq whupv






zlwk ghwhuplqdqw mE5mc dqg zkhuh U? lv dq ?  ? lghqwlw| pdwul{1
Wkh sdshu lv rujdql}hg dv iroorzv= lq Vhfwlrq 5 wkh huuru fruuhfwlrq prgho
iru vhdvrqdo frlqwhjudwlrq ri surfhvvhv wkdw duh lqwhjudwhg ri rughu 4 dw vhd0
vrqdo iuhtxhqf| lv glvfxvvhg1 Wkh htxdwlrqv duh vroyhg lq wkh irup ri d Judqjhu
uhsuhvhqwdwlrq wkhruhp/ dsso|lqj d jhqhudo uhvxow derxw lqyhuvlrq ri pdwul{
sro|qrpldov1 Wklv lv dssolhg wr dqdo|}h wkh uroh ri frqvwdqw/ olqhdu whup/ dqg
vhdvrqdo gxpplhv/ vhh Iudqvhv dqg Nxqvw +4<<8,1 Lq Vhfwlrq 6 wkh Jdxvvldq
olnholkrrg dqdo|vlv dqg fdofxodwlrq ri pd{lpxp olnholkrrg hvwlpdwruv lq wkh
prgho zlwk xquhvwulfwhg ghwhuplqlvwlf whupv/ dv zhoo dv lq vrph prghov/ ghqhg
e| uhvwulfwlrqv ri ghwhuplqlvwlf whupv/ lv glvfxvvhg1 Lq Vhfwlrq 7 vrph whfkqlfdo
dv|pswrwlf uhvxowv rq wkh ehkdylru ri wkh surfhvv dqg surgxfw prphqwv duh
jlyhq1 Vhfwlrq 8 frqwdlqv dv|pswrwlf uhvxowv iru wkh pd{lpxp olnholkrrg hvwl0
pdwru ri wkh frlqwhjudwlqj yhfwruv/ dqg wkh olnholkrrg udwlr whvw iru frlqwhjudwlrq
udqn dw vhdvrqdo iuhtxhqf|1
Lq Dsshqgl{ D d eulhi ghvfulswlrq ri wkh +uhdo, pdwul{ uhsuhvhqwdwlrq ri
frpsoh{ pdwulfhv lv jlyhq dorqj zlwk surriv ri wkh whfkqlfdo uhvxowv lq Vhfwlrq
71 Ilqdoo|/ Dsshqgl{ E frqwdlqv wdeohv ri olplw glvwulexwlrqv ri wkh olnholkrrg
udwlr whvwv iru frlqwhjudwlqj udqn iru ydulrxv prghov ghqhg e| uhvwulfwlrqv rq
wkh ghwhuplqlvwlf whupv1
5 Wkh uhsuhvhqwdwlrq wkhruhp dqg wkh huuru
fruuhfwlrq prgho
Wklv vhfwlrq frqwdlqv wkh qhfhvvdu| dqdo|wlf uhvxowv iurp wkh wkhru| ri uhdo
sro|qrpldov E5 zlwk ydoxhv lq wkh vhw ri ?  ? pdwulfhv1 Wkhruhp 4 jlyhv
Odjudqjh*v h{sdqvlrq iru d sro|qrpldo durxqg duelwudu| srlqwv dqg lw lv vkrzq
5lq Fruroodu| 5 krz wklv frqwdlqv wkh irupxodwlrq ri dq huuru fruuhfwlrq prgho1
Wkh edvlf uhvxow/ krzhyhu/ lv Wkhruhp 6/ zklfk jlyhv d qhfhvvdu| dqg vx!flhqw
frqglwlrq iru wkh lqyhuvh pdwul{ sro|qrpldo wr kdyh srohv ri rughu 41 Lq Wkhruhp
7 wklv uhvxow lv lqwhusuhwhg dv d uhsuhvhqwdwlrq ri wkh vroxwlrq ri wkh dxwruhjuhv0
vlyh htxdwlrqv doorzlqj iru lqwhjudwhg surfhvvhv dqg frlqwhjudwlrq dw vhdvrqdo
iuhtxhqf|/ wkhuhe| jhqhudol}lqj Judqjhu*v wkhruhp iru UE surfhvvhv1 Wkh qhz
Judqjhu uhsuhvhqwdwlrq wkhruhp lv dssolhg wr glvfxvv wkh uroh ri frqvwdqw/ olqhdu
whup/ dqg lq sduwlfxodu vhdvrqdo gxpplhv1 Wklv vhfwlrq lv frqfoxghg zlwk vrph
h{dpsohv ri prghov iru dqqxdo/ vhpl0dqqxdo/ dqg txduwhuo| gdwd1
514 Vrph qrwdwlrq
Zh duh frqfhuqhg zlwk urrwv ri wkh htxdwlrq mE5m 'f clq sduwlfxodu xqlw urrwv/
iru zklfk m5m ' Iru d frpsoh{ qxpehu 5 ' e￿w/ wkh frpsoh{ frqmxjdwh lv wkh






dgmrlqw pdwul{/ zkhuh q- dqg qU duh uhdo pdwulfhv1
Ohw 56 e hdu r r wr im  E 5  m'f cvxfk wkdw E56 kdv uhgxfhg udqn1 Wkhq
wkhuh h{lvwv wzr frpsoh{ pdwulfhv k6dqg q6 vxfk wkdw E56'k 6q
W
6Qrwh
wkdw vlqfh wkh urrwv pd| eh frpsoh{/ wkh pdwulfhv k6 dqg q6 pd| eh frpsoh{1
Krzhyhu/ vlqfh wkh frh!flhqwv ri E56 duh uhdo/ wkh urrwv dqg wkh fruuhvsrqglqj
pdwulfhv k6 dqg q6 frph lq frpsoh{ frqmxjdwh sdluv1
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515 Wkh huuru fruuhfwlrq prgho
Wkh huuru fruuhfwlrq irupxodwlrq lv d vlpsoh frqvhtxhqfh ri Odjudqjh*v h{sdq0
vlrq ri E5 durxqg wkh r nsrlqwv 5 'f c5 ￿cc5 r
Wkhruhp 4 Wkh sro|qrpldo E5 fdq eh h{sdqghg durxqg wkh srlqwv fc5 ￿cc5 r
dv iroorzv







6zkhuh fE5 lv d pdwul{ sro|qrpldo1








lv }hur iru 5 'f c5 ￿cc5 rc dqg khqfh hdfk ri wkh hqwulhv fdq eh idfwrul}hg
lqwr RE55 wlphv d sro|qrpldo1 Lw iroorzv wkdw wkh glhuhqfh fdq eh zulwwhq dv
RE55fE5 iru vrph pdwul{ sro|qrpldo fE5
Dq lpphgldwh frqvhtxhqfh ri wklv lv wkh huuru fruuhfwlrq irupxodwlrq/ vhh
K|oohehuj/ Hqjoh/ Judqjhu/ dqg \rr +4<<3,1
Fruroodu| 5 Ohw 5￿cc5 r eh wkh xqlw urrwv ri mE5m 'f cvxfk wkdw wkh pd0
wulfhv E56 duh ri uhgxfhg udqn= E56' k 6q
W
6 czlwk k6 dqg q6 frpsoh{
pdwulfhv ri glphqvlrq ?  o6 dqg udqn o6 Li Euf| 'x ( |n0 | cwkhq f|
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Wkh lghd ehklqg wklv irupxodwlrq +vhh Wkhruhp 7/ dqg frqglwlrq +7,,/
lv wkdw f| lv d qrq0vwdwlrqdu| surfhvv dqg wkh REuf| lv vwdwlrqdu|/ wkdw lv/
iru dq|  ' c2 c/ wkh glvwulexwlrq ri +REuf|cREuf |n￿ccREuf |n￿grhv
qrw ghshqg rq | Wkh surfhvvhv f
E6￿
| E6 ' ccr duh qrq0vwdwlrqdu| exw/
dv zh vkdoo vhh ehorz/ wkh frpsrqhqwv ri f
E6￿
| k d y hw k hv d p hf r p p r qq r q 0







lv vwdwlrqdu|1 Wkxv/ wkh vwdwlrqdu| glhuhqfhv REuf| uhdfw wr htxloleulxp




| wkurxjk wkh dgmxvwphqw frh!flhqwv k61W k hu h v x o wf d q
wkhuhiruh eh irupxodwhg dv frlqwhjudwlrq ri wkh +frpsoh{, surfhvvhv f
E6￿
| c ru li






fdq eh h{suhvvhg dv d frpsolfdwhg frlqwhjudwlrq uhodwlrq ehwzhhq wkh surfhvv
f| dqg lwv odjv +vhh vhfwlrq 518,1 Wklv kdv ehhq fdoohg sro|qrpldo frlqwhjudwlrq
e| Hqjoh dqg \rr +4<<4,1 Qrwh dovr wkdw d glhuhqw vhw ri urrwv jlyhv ulvh wr d
glhuhqw huuru fruuhfwlrq irupxodwlrq1
7516 Judqjhu*v uhsuhvhqwdwlrq wkhruhp
Zh ghqh wkh ghulydwlyh  E56 ri E5 dw 5 ' 561 Li wkh sro|qrpldo mE5m kdv
du r r wd w5'5 fwkhq E5f lv qrw lqyhuwleoh1 Zh vd| wkdw E53￿ kdv d sroh ri









h{lvwv dqg lv qrq0}hur1 Zh qh{w suryh d uhvxow wkdw jlyhv d qhfhvvdu| dqg
vx!flhqw frqglwlrq iru wkh lqyhuvh ixqfwlrq wr kdyh d sroh ri rughu 4 dw wkh
srlqw 5f1 Wklv frqglwlrq fohduo| uhtxluhv E5f wr eh vlqjxodu/ exw zh dovr qhhg
d frqglwlrq rq wkh ghulydwlyh ri E5 dw 5f/ zklfk uhvwulfwv wkh ehkdylru ri E5
lq d qhljkerukrrg ri 5f Iru dq| +frpsoh{, pdwul{ S ri glphqvlrq ?  o zh
ghqh Sz dv d ixoo udqn +frpsoh{, pdwul{ ri glphqvlrq ?  E?  oc vxfk wkdw
S￿Sz 'f Qrwh wkdw ESWz 'E S z W1
Wkhruhp 6 Dvvxph wkdw wkh urrwv ri mE5m 'fvdwlvi| m5m : nBru 5 5
E5￿cc5 rzlwk m56m 'iru vrph B:f cdqg wkdw E56' k 6q
W
6Wkhq wkh
pdwul{ sro|qrpldo E5 lv lqyhuwleoh rq wkh glvn m5mnBc h{fhsw dw wkh srlqwv
E5￿cc5 r zkhuh 3￿E5 kdv d sroh1 D qhfhvvdu| dqg vx!flhqw frqglwlrq iru
wkh sroh wr eh ri rughu 4 lv wkdw
mk
W
6z  E56q6zm9 'f c6' ccr +6,
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dqg zkhuh fE5 kdv d frqyhujhqw srzhu vhulhv iru m5mnB Wkdw lv/ fE5






E  7 565
n 6E5c59 'E 5 ￿cc5 rc
iru vrph srzhu vhulhv 6E5 frqyhujhqw iru m5mnB





c59 'E 5 ￿cc5 r
vkrzv wkdw E53￿ kdv srohv dw wkh urrwv 5 ' 5￿cc5 rvlqfh mE56m 'f c6'
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c
vxfk wkdw wkh frqwlqxrxv ixqfwlrq fE5 ghqhg e|
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c59 'E 5 ￿cc5 rc
kdv qr srohv lq wkh glvn m5mnB/i r uv r p hB:f 
Wklv lv suryhg e| lqyhvwljdwlqj wkh ixqfwlrqv lq d qhljkerukrrg ri hdfk
ri wkh srohv dqg vkrzlqj wkdw/ e| vxewudfwlqj wkh srohv jlyhq lq wkh vxp/ wkh
srohv lq 3￿E5 duh holplqdwhg Wkxv/ zh uvw irfxv rq wkh urrw 5 ' 5￿ zkhuh
E5￿' kq
Wc dqg zh kdyh ohiw rxw wkh vxevfulsw wr vlpsoli| wkh qrwdwlrq1
Frqvlghu wkhuhiruh d ydoxh ri 5 vxfk wkdw f 	 m5  5￿m0 Iurp wkh
h{sdqvlrq
E5' E 5 ￿nE 55 ￿  E 5 ￿nE 55 ￿
2 ￿E 5 c
zkhuh ￿E5 lv d uhpdlqghu sro|qrpldo/ lw iroorzv e| pxowlso|lqj e| EkckzW

















k W   E 5 ￿  q E 5  5 ￿   5 ￿ k W   E 5 ￿  q z
k W
z   E 5 ￿  q E 5  5 ￿   5 ￿ k W




uhpdlqghu sro|qrpldo 2E5 Khuh dqg lq wkh iroorzlqj zh riwhq xvh vxfk d qr0
wdwlrq iru d uhpdlqghu whup/ zkhq zh h{sdqg d sro|qrpldo ru d srzhu vhulhv1




Wq5 ￿ k W   E 5 ￿  q z
f 5 ￿ k W
z   E 5 ￿  q z

kdv ixoo udqn li dqg rqo| li dvvxpswlrq +6, krogv vlqfh





z  E5￿qzm9 'f 
9Lq wklv fdvh/  E5 lv lqyhuwleoh iru m55￿m0iru vrph 0c zlwk wkh surshuw|
wkdw f 	0	 4?
&￿’,
m5&  5,mc dqg zh qg e| wkh h{sdqvlrq
 
3￿E5'  
3 ￿E 5 ￿nE 55 ￿  2E 5 c














￿37 5￿5 n ￿E5c
zkhuh ￿ lv jlyhq lq Wkhruhp 6 dqg
￿E5'E E 55 ￿ qcqz5￿2E5Ekckz
W
Khuh 2E5lv d frqyhujhqw srzhu vhulhv zklfk lv d qrwdwlrq iru wkh uhpdlqghu
whup lq wkh h{sdqvlrq ri  3￿E51 Khqfh 3￿E5￿
￿
￿37 5￿5 ' ￿E5 kdv qr sroh
dw 5 ' 5￿ dqg h{whqgv e| frqwlqxlw| wr wkh srlqw 5 ' 5￿
Wkh vdph dujxphqw fdq eh xvhg wr uhpryh wkh rwkhu srohv iurp 3￿E5
dqg wkh wkhruhp kdv ehhq suryhg1
Wkh qh{w uhvxow lv d uhsuhvhqwdwlrq ri wkh vroxwlrq ri wkh huuru fruuhfwlrq
prgho +5,1 Wkh htxdwlrqv +5, ghwhuplqh wkh surfhvv f| d vdi x q f w l r qr iw k h
huuruv 0￿ E ' cc|dqg wkh lqlwldo ydoxhv ri wkh surfhvv1 Zh jlyh wkh uhvxow
iru wkh prgho zlwkrxw ghwhuplqlvwlf whupv/ dqg odwhu irupxodwh dqg dsso| wkh
uhvxow iru wkh jhqhudo fdvh1
Wkhruhp 7 Ohw f| vdwlvi| Euf| ' 0|c dqg ohw wkh htxdwlrq mE5m 'fkdyh





zkhuh k6 dqg q6 duh ?  o6 pdwulfhv ri udqn o6 	? 
Wkh surfhvvhv REuf| dqg R6Euq
W
6f| fdq eh pdgh vwdwlrqdu| e| d vxlwdeoh
fkrlfh ri lqlwldo ydoxhv/ li dqg rqo| li
mk
W
6z  E56q6zm9 'f  +7,
Lq wklv fdvh/ f| dqg f
E6￿








































dqg wkh udqgrp yduldeohv 6 ghshqg rq lqlwldo frqglwlrqv vxfk wkdw q
W
66 'f c
dqg qdoo| t| dqg t
E6￿
| duh vwdwlrqdu| surfhvvhv1
Wkxv/ wkh qrq0vwdwlrqdu| surfhvv f| fdq eh pdgh vwdwlrqdu| e| wkh gli0




| lv vwdwlrqdu|/ zh fdoo f| vhdvrqdoo|
frlqwhjudwhg dw 56 ' e￿w6c ru dw iuhtxhqf| w6c zlwk frlqwhjudwlqj yhfwruv q6
Qrwh wkdw 7
E6￿
| lv qrw d udqgrp zdon vlqfh {7
E6￿
| ' 5|
60| duh lqghshqghqw exw
qrw lq jhqhudo lghqwlfdoo| glvwulexwhg1 Qrwh dovr wkh idfwru 7 5|
6 lq iurqw ri 7
E6￿
|
jlyhv d w|sh ri qrq0vwdwlrqdulw| wkdw lv glhuhqw iurp wkh xvxdo xqlw urrw qrq0
vwdwlrqdulw|1 Ilqdoo| qrwh wkdw vlqfh zh doorz iru frpsoh{ urrwv/ wkh surfhvv
f
E6￿
| dqg wkh frh!flhqwv k6 dqg q6 duh lq jhqhudo frpsoh{ Vlqfh/ krzhyhu/
wkh gdwd dqg wkh frh!flhqwv lq E5 duh uhdo/ wkh urrwv frph lq frpsoh{ frq0
mxjdwh sdluv1 Khqfh d uhgxfhg udqn frqglwlrq dw d frpsoh{ urrw dxwrpdwlfdoo|
lpsolhv d uhgxfhg udqn frqglwlrq dw wkh frpsoh{ frqmxjdwh urrw1 Wklv zloo frp0
solfdwh wkh vwdwlvwlfdo dqdo|vlv ehorz1
Wkh glhuhqfh ehwzhhq wkh uhvxowv lq Wkhruhp 6 dqg Wkhruhp 7 lv wkdw lq
rughu wr lqwhusuhw Wkhruhp 6 iru vwrfkdvwlf surfhvvhv/ fduh kdv wr eh wdnhq ri
lqlwldo ydoxhv lq wkh uhsuhvhqwdwlrq +8, dqg +9, lq rughu wr wudqvodwh wkh uhvxowv
derxw wkh srzhu vhulhv lqwr uhvxowv derxw wkh odj rshudwru1




6R6E5nR E 5  fE 5oE5
H{suhvvhg lq whupv ri wkh odj rshudwru uc ghqhg e| uf| ' f|3￿c wkh uhodwlrq




6R6Eu0| n REut|c|' ccAc +:,
zkhuh t| ' fEu0| Wkh uljkw kdqg vlgh lv vwdwlrqdu|/ zklfk vkrzv wkdw e|
fkrrvlqj wkh lqlwldo ydoxhv ffccf 3rn￿c vxfk wkdw +:, lv vdwlvhg iru | 'f czh
vhh wkdw REuf| ehfrphv vwdwlrqdu|1
;Zh zdqw wr vroyh htxdwlrq +:, iru f| e| uhprylqj wkh sro|qrpldo REu
rqh idfwru dw d wlph e| vxppdwlrq1 Wklv zloo djdlq lqyroyh wkh lqlwldo ydoxhv1
Frqvlghu uvw wkh urrw 5 ' 5￿ Wkh ghqlwlrq ri RE5 lpsolhv wkdw
RE5'E 7 5 ￿5  R ￿E 5  cR 6 E 5 'E 7 5 ￿5  R 6 ￿E 5  c69 ' c
dqg htxdwlrq +:, lv
E  7 5￿u
%





' ￿R￿Eu0|c|'f c ccA













￿0￿c| 'f c ccA
+;,
Khuh  ' R￿EuEf3￿  t3￿ 
Sr
6’￿ 6R6￿Eu03￿ lv wkh lqlwldo ydoxh ri
wkh ohiw kdqg vlgh1 Qh{w qrwlfh wkdw E  7 56u7 5|




￿ ' R￿E7 5￿7 5
|
￿c
vxfk wkdw uhvxow ri wkh deryh fdofxodwlrqv fdq eh h{suhvvhg dv=









6R6￿Eu0|c|'f c ccAc +<,














￿ 'f cdqg khqfh q
W
￿￿ 'f 

















Htxdwlrq +<, kdv wkh vdph irup dv wkh rqh zh vwduwhg zlwk lq +:,/ h{fhsw
wkdw wkh urrw 5 ' 5￿ kdv ehhq uhpryhg1 Lq wkh vdph zd| zh vxffhvvlyho|
<holplqdwh wkh urrwv e| vxppdwlrq ri wkh htxdwlrq/ hdfk wlph vxewudfwlqj d
whup ri wkh irup 67 5|
67
E6￿
| n7 5 |
6 6iurp wkh ohiw kdqg vlgh/ dqg wkhuhe| suryh
wkh uhsuhvhqwdwlrq1
















iru vrph frqyhujhqw srzhu vhulhv fE5 Khqfh














R6E56E  7 565
n fE5
Wkxv/ doo srohv duh ri rughu rqh dqg e| Wkhruhp 6 dqg frqglwlrq +7, krogv1
Wkh xvxdo Judqjhu uhsuhvhqwdwlrq ri dq UE surfhvv dv d udqgrp zdon
soxv d vwdwlrqdu| surfhvv lv khuh uhsodfhg e| d uhsuhvhqwdwlrq lq whupv ri wkh
surfhvvhv 7
E6￿
| 1 Wkh uhsuhvhqwdwlrq fdswxuhv wkh skhqrphqrq wkdw wkh yduldqfh
ri dq UE surfhvv lv lqfuhdvlqj1 Lq wkh suhvhqw fdvh/ zh qg wkdw wkh lqfuhdvlqj
sduw ri wkh yduldqfh ri f
E6￿
| lv jhqhudwhg e| 67 5|
67
E6￿
| c zklfk frqwulexwhv zlwk

































| duh dv|pswrwlfdoo| xqfruuhodwhg lq wkh vhqvh














































E 5 67 5 ? | n￿




43zklfk uhpdlqv erxqghg dv | whqgv wr 4/ zkloh wkh yduldqfhv whqg wr 41
Wkxv/ wkh surfhvv lv frpsrvhg ri pdq| glhuhqw surfhvvhv 7
E6￿
| hdfk ri
zklfk kdv d yduldqfh wkdw whqgv wr lqqlw| zlwk | lq wkh gluhfwlrqv jlyhq e| q6z
Lq jhqhudo rqh fdqqrw h{shfw wkdw dq| jlyhq olqhdu frpelqdwlrq zloo holplqdwh doo
wkh qrq0vwdwlrqdulw| fuhdwhg e| wkh surfhvvhv 7
E6￿
| 1 E| dsso|lqj wkh glhuhqfh
owhu R6Eu rqh holplqdwhv doo qrq0vwdwlrqdulw| h{fhsw dw wkh iuhtxhqf| w6c zkhuh
d olqhdu frpelqdwlrq lv qhhghg wr dqqlklodwh wkh pdwul{ 6
Qh{w Wkhruhp 7 lv dssolhg wr vroyh wkh dxwruhjuhvvlyh htxdwlrqv zkhq wkh|
frqwdlq ghwhuplqlvwlf whupv1
Wkxv/ dvvxph wkdw f| lv wkh vroxwlrq wr wkh htxdwlrqv=
Euf| 'x ( |n0 |c




























6  6 n  t|c
zkhuh  t|  .E t| lv vwdwlrqdu|/ dqg  6 ghshqgv rq lqlwldo ydoxhv vxfk wkdw
q
W
6  6 'f 1L wl vv h h q /w k d wl i( ￿'wkhq wkh ghwhuplqlvwlf whup jlyhv ulvh wr




6 '7 5 |
6 E  5|n￿
6 *E  56 zklfk uhpdlqv erxqghg/ xqohvv













E  7 5|n￿
6 
E  7 562 c
zklfk lv d olqhdu wuhqg li 56 9'dqg d txdgudwlf wuhqg li 56 ' Wkxv/ li
x(| 'x fnx ￿|zh jhw d txdgudwlf wuhqg iurp 56 ' czklfk ydqlvkhv li
zh fkrrvh k￿
6zx￿ 'f Li x￿ 'f czh jhw d olqhdu wuhqg zklfk ydqlvkhv zkhq
k￿
6zxf 'f Wkh qh{w vxe0vhfwlrq glvfxvvhv vlplodu uhvxow iru vhdvrqdo gxpplhv1
517 Wkh uroh ri vhdvrqdo gxpplhv
Li zh kdyh gdwd phdvxuhg dw iuhtxhqf|  r shu |hdu/ zh riwhq lqfoxgh vhdvrqdo
gxpplhv wr prgho wkh hhfw ri d vhdvrqdoo| fkdqjlqj phdq1 Zh khuh frqvlghu
44gdwd zlwk xqlw urrwv dw +vrph ri, wkh vhdvrqdo iuhtxhqflhv w6 '2 Z6* rc E6 '
cc r
Wklv lv wkh vlwxdwlrq li iru lqvwdqfh zh kdyh txduwhuo| gdwd dqg kdyh xqlw
urrwv lq wkh surfhvv dw 5 ' 	 dqg 5 ' Zh ghqrwh wkh urrwv ri xqlw| 56 E6 '
cc r  cdqg dvvxph iru vlpsolflw| khuh wkdw 5￿ ' c5 2cc5 r duh urrwv ri
wkh surfhvv/ r   r1 Wkh uhvxowv duh hdvlo| prglhg li wklv lv qrw wkh fdvh1
Wkh vhdvrqdo gxpplhv duh ghqhg e| wkh  r yhfwru (|c zlwk wkh surshuw|
wkdw (| ' (|n￿ r Wklv lv d glhuhqfh htxdwlrq zlwk fkdudfwhulvwlf urrwv htxdo wr







iru vrph olqhduo| lqghshqghqw  ryhfwruv _6c zklfk fdq eh ghwhuplqhg e| wkh
























?_? 'E |n  _ 6n
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  567 5?
_?c6' ccr
Wkxv/ wkh vhdvrqdo gxpp| jhqhudwhv d wuhqg 6x_67 5|
6| lq f| dw wkh xqlw urrw
56 +6 ' ccrIru 56 9'wklv wuhqg rvfloodwhv gxh wr wkh idfwru 7 5|
6c zklfk
lv suredeo| xqzdqwhg lq wkh ghvfulswlrq ri gdwd1 Wkh wuhqg lv uhpryhg e|
dvvxplqj 6x_6 'f cru kW
6zx_6 'f cru x_6 ' k64W
6c iru vrph 46 Eo6
Wklv uhvxow zdv uvw suryhg e| Iudqvhv dqg Nxqvw +4<<8,1
Zh uhsdudphwul}h wkh prgho e| lqwurgxflqj wkh sdudphwhuv x6 'x _ 6 1
Wkh yhfwruv _6 frph lq frpsoh{ frqmxjdwh sdluv/ zklfk dovr krogv iru wkh qhz







Zh qrz uhvwulfw x6 E6 '2 ccrce| x6 ' k64W
6 1 Lq wklv zd| wkh rvfloodwlqj
wuhqgv duh dyrlghg/ zkloh ohdylqj rshq wkh srvvlelolw| ri d olqhdu wuhqg jhqhudwhg
e| wkh xqlw urrw 5 ' Li zh dovr zdqw wr uhvwulfw wklv/ zh ixuwkhu dvvxph wkdw
k￿
￿zx￿ 'f 
Zh frqfoxgh wklv vhfwlrq e| d ihz looxvwudwlyh h{dpsohv1
45518 H{dpsohv
Vrph h{dpsohv ri prghov iru dqqxdo/ vhpl0dqqxdo dqg txduwhuo| gdwd duh jlyhq1
51814 Dqqxdo gdwd
Li 5 'lv wkh rqo| xqlw urrw lq wkh surfhvv/ wkhq RE5'5dqg f
E￿￿
| ' f|3￿
Prgho +5, lv wkh xvxdo huuru fruuhfwlrq prgho iru UE yduldeohv=
{f| ' kq
￿f|3￿ n 0|c
zkhuh ixuwkhu g|qdplfv dqg ghwhuplqlvwlf whupv duh ohiw rxw1
51815 Vhpl0dqqxdo gdwd



















vxfk wkdw +5, ehfrphv










2E f | 3 ￿f | 3 2n0 |
Wkh uhdvrq iru frqvlghulqj wklv fdvh lv wkdw lqwhusuhwdwlrq lv vrphzkdw hdvlhu
wkdq iru txduwhuo| prghov1
Frqvlghu iru lqvwdqfh d surfhvv frqvlvwlqj ri vhpl0dqqxdo lqfrph dqg frq0
vxpswlrq1 Lq wklv fdvh/ f
E￿￿
| lv mxvw wkh dqqxdo dyhudjh/ dqg wkh prgho vshflhv
wkdw wklv surfhvv lv d qrq0vwdwlrqdu| UE surfhvv zklfk frlqwhjudwhv/ vxfk wkdw
dqqxdo frqvxpswlrq iroorzv dqqxdo lqfrph lq d vwdwlrqdu| zd| wkurxjk wkh
frlqwhjudwlqj frh!flhqwv q￿1W k h s u r f h v v f
E2￿
| c krzhyhu/ phdvxuhv wkh yduld0
wlrq zlwklq d |hdu dqg wkh vhdvrqdo xqlw urrw dw 5 '  l p s o l h vw k d ww k l vs u r f h v v
kdv d vhdvrqdo qrq0vwdwlrqdulw|1 Wklv phdqv wkdw zkhq dyhudjhg zlwklq d |hdu
lw ehfrphv vwdwlrqdu|1 Wkh frlqwhjudwlqj yhfwru q2 jlyhv wkh olqhdu frpelqdwlrq
ri dqqxdo yduldwlrq ri frqvxpswlrq dqg lqfrph zklfk frlqwhjudwhv1
Wkxv/ qrw rqo| wkh qrq0vwdwlrqdu| |hduo| dyhudjh exw dovr wkh qrq0vwdwlrqdu|
yduldwlrq zlwklq d |hdu kdyh wr pryh wrjhwkhu dffruglqj wr wkh prgho1
46Lq rughu wr xqghuvwdqg wkh w|sh ri qrq0vwdwlrqdulw| lqgxfhg e| d xqlw urrw
dw 5 ' c frqvlghu wkh surfhvv
f| 'E  
|7
E2￿










zklfk hqwhuv wkh uhsuhvhqwdwlrq wkhruhp1
Vlqfh wkh qrupdo glvwulexwlrq lv v|pphwulf/ wkh surfhvv 7
E2￿
| lv d udqgrp
zdon/ dqg wkh idfwru E| fkdqjhv wkh vljq ri hyhu| vhfrqg whup/ zklfk jlyh
ulvh wr wkh rvfloodwlqj ehkdylru wkdw zh vhh lq vhdvrqdoo| ydu|lqj surfhvvhv1 Lw lv
reylrxv wkdw glhuhqflqj vxfk d surfhvv zloo qrw jlyh vwdwlrqdulw|/ zkhuhdv rqh
fdq rewdlq d vwdwlrqdu| surfhvv e| vprrwklqj xvlqj d prylqj dyhudjh ￿
2Ef| n
f|3￿1
Qrwh wkdw zkhq wkh udqgrp zdon 7
E2￿
| lv srvlwlyh iru dq lqwhuydo/ wkhq f|
rvfloodwhv v|vwhpdwlfdoo| ehwzhhq srvlwlyh dqg qhjdwlyh ydoxhv/ exw zkhq 7
E2￿
|
jhwv wrr forvh wr }hur/ ru d odujh gudz ri 0| rffxuv/ wkhq lw fdq fkdqjh vljq
zlwk wkh uhvxow wkdw wkh shdnv ri f| duh vkliwhg rqh shulrg/ vxfk wkdw vxpphu
ehfrphv zlqwhu1 Wklv lv d fkdudfwhulvwlf surshuw| ri surfhvvhv jhqhudwhg e|
wkh vhdvrqdo huuru fruuhfwlrq prgho1 Lw lv hdv| lq wkh h{dpsoh wr fkhfn wkh uroh
ri frqvwdqw/ olqhdu whup/ dqg vhdvrqdo gxpplhv rq wkh ehkdylru ri wkh surfhvv1
51816 Txduwhuo| gdwd
Qh{w frqvlghu txduwhuo| gdwd dqg xqlw urrwv dw 5 ' 	c	1 Lq wklv fdvh=
RE5'E 5 E n 5E n 5E  5'5
e












e￿Ef|3￿ n f|32 f|3￿  f|3ec
f
Ee￿
| @  ￿
e￿Ef|3￿  f|32  f|3￿ n f|3e
Wkh huuru fruuhfwlrq prgho frqwdlqv 7 whupv/ dqg zh h{suhvv wkhp xvlqj uhdo




























47Wkh huuru fruuhfwlrq prgho ehfrphv


















-Ef|3￿  f|3￿n0 |c
zkhuh zh kdyh devruehg wkh idfwru ￿
e lqwr wkh frh!flhqwv/ dqg iru hdvh ri qrwdwlrq
zh ohw k￿ ' k- n kUck e'7 k ￿ cq ￿'q -nqUcq e'7 q ￿
Qrwh wkdw wkh frh!flhqw pdwul{ wr f|32  f|3e lv udwkhu frpsolfdwhg1 Lw
qhhg qrw hyhq kdyh uhgxfhg udqn1 Wkh vdph sdudphwhuv dsshdu lq wkh frh!flhqw
wr f|3￿  f|3￿ Wkxv/ wkh w|sh ri sro|qrpldo frlqwhjudwlrq rewdlqhg khuh lv





lq rughu wr vlpsoli| wkh htxdwlrqv +vhh Ohh 4<<5,/ exw lw lv vhhq wkdw wklv lv
d shfxoldu uhvwulfwlrq rq doo frh!flhqwv/ zklfk lv kdug wr lqwhusuhw1 Li lqvwhdg
qU 'fwkhq wkh htxdwlrqv frqwdlq wkh whup
k-q
￿
-Ef|32  f|3e  kUq
￿
-Ef|3￿  f|3￿'E k -uk U q
￿
-E f | 3 ￿f | 3 ￿ 
Wklv vkrzv wkdw f| lv sro|qrpldoo| frlqwhjudwhg1 Wklv kdv wkh dgydqwdjh wkdw
rqo| rqh vhw ri olqhdu frpelqdwlrqv ri Eu2f| dsshduv/ dqg wkh lqwhusuhwdwlrq
lv wkdw q
￿
-Ef|3￿ f|3￿ lv hlwkhu vwdwlrqdu| ru frlqwhjudwhv zlwk lwv rzq odj1 Li
dovr kU 'f cwkh htxdwlrq frqwdlqv d whup ri wkh irup k-q
￿
-Ef|32  f|3e zlwk
wkh lqwhusuhwdwlrq wkdw f|32  f|3e frlqwhjudwhv zlwk frlqwhjudwlqj yhfwru q-1
Wkh huuru fruuhfwlrq prgho lv glhuhqw li wkh surfhvv rqo| kdv urrwv dw










































zkhuh {2 'u 2Wkh huuru fruuhfwlrq prgho lv=
f|  f|3￿ n f|32  f|3￿
' k￿q
￿










48Lq wklv vhfwlrq zh kdyh jlyhq d jhqhudo yhuvlrq ri Judqjhu*v uhsuhvhqwd0
wlrq wkhruhp zklfk fodulhv zkhq zh jhw d vhdvrqdoo| frlqwhjudwhg vroxwlrq wr
dxwruhjuhvvlyh htxdwlrqv dqg zkhq wkh vroxwlrq lv lqwhjudwhg ri rughu 4 dw vhd0
vrqdo iuhtxhqf|1 Zh dovr jdyh d glvfxvvlrq ri wuhqgv jhqhudwhg e| frqvwdqw/
olqhdu whup/ dqg vhdvrqdo gxpplhv/ dqg wkh uhvwulfwlrqv qhhghg wr dyrlg wkhp1
Lq wkh qh{w vhfwlrq wkhvh uhvxowv duh dssolhg wr ghqh wkh vwdwlvwlfdo prghov zh
zdqw wr dqdo|}h1
6 Wkh prghov iru vhdvrqdo frlqwhjudwlrq dqg
wkhlu vwdwlvwlfdo dqdo|vlv
Lq wklv vhfwlrq wkh vwdwlvwlfdo prgho iru dxwruhjuhvvlyh surfhvvhv lqwhjudwhg ri
rughu 4 dw vhdvrqdo iuhtxhqf| zklfk doorzv iru vhdvrqdo frlqwhjudwlrq lv ghqhg1
Ydulrxv prghov ghqhg e| uhvwulfwlrqv rq wkh ghwhuplqlvwlf whupv duh jlyhq1
Zh glvfxvv Jdxvvldq pd{lpxp olnholkrrg hvwlpdwlrq dqg wkh irupxodwlrq ri
vrph k|srwkhvhv rq wkh frlqwhjudwlqj udqnv/ wkh frlqwhjudwlqj yhfwruv/ dqg wkh
dgmxvwphqw frh!flhqwv1
614 Vwdwlvwlfdo prghov ghqhg e| uhvwulfwlrqv rq ghwhu0
plqlvwlf whupv
Wkh ?glphqvlrqdo yhfwru dxwruhjuhvvlyh prgho iru vhdvrqdo frlqwhjudwlrq lv











K￿REuf|3￿ nx ( |n0 |c|' ccA  +43,
Khuh 0| duh l1l1g1 ?Efclc dqg wkh sdudphwhuv k6cq6E6' ccrcK ￿E'
cc&  cx cdqg l duh iuhho| ydu|lqj/ h{fhsw wkdw wkh k6 dqg q6 frph lq frp0
soh{ frqmxjdwh sdluv1 Zh dvvxph wkdw (| frqvlvwv ri ghwhuplqlvwlf whupv1 Qrwh
wkdw wkh odj ohqjwk lv , ' &nr vlqfh REu lv dq r*wk rughu odj sro|qrpldo1 Wkh
glphqvlrq ri k6 dqg q6 lv ?o6c dqg wkh lqlwldo ydoxhv duh {hg lq wkh dqdo|vlv
ri wkh olnholkrrg ixqfwlrq1
Li wkh urrwv ri wkh surfhvv duh dovr urrwv ri xqlw|/ fruuhvsrqglqj wr d jlyhq
iuhtxhqf|  r ri wkh gdwd/ zh fdq lqwurgxfh vhdvrqdo gxpplhv (| lq wkh prgho1
49Dv vhhq lq Vhfwlrq 5 wkh| jlyh ulvh wr wuhqgv lq wkh surfhvv dqg lw zdv vkrzq
krz wkhvh fdq eh dyrlghg e| uhvwulfwlrq ri wkh sdudphwhuv1 Zh ghfrpsrvh wkh
sdudphwhu x dv x(| '
S￿ r
6’￿ x67 5|
6c dqg dvvxph wkdw x6 ' k64W
6c iru vrph


























zkhuh i5rn￿cc5 ￿ rj duh wkh urrwv ri xqlw| zklfk duh qrw xqlw urrwv ri wkh
surfhvv1
Li lqvwhdg zh doorz iru d olqhdu wuhqg/ zh gr qrw uhvwulfw dw }hur iuhtxhqf|





























Lq wkhvh wzr odvw prghov wkh sdudphwhuv vshflhg duh ydu|lqj iuhho|/ zlwk
wkh rqo| uhvwulfwlrq wkdw wkh sdudphwhuv k6cq 6cdqg x6 frph lq frpsoh{
frqmxjdwh sdluv1 Qrwh krz wkh urrwv ri xqlw| wkdw gr qrw fruuhvsrqg wr xqlw
urrwv lq wkh surfhvv hqwhu zlwk xquhvwulfwhg frh!flhqwv x6 Er	6 r  cdqg
gr qrw jlyh ulvh wr wuhqgv lq wkh surfhvv1 Wkxv/ frqvlghu iru lqvwdqfh wkh whupv
zlwk 6 ' r ndqg 6 ' r n2 clq +45,1 Ohw 5rn￿ '7 5 r n2 ' e￿w dqg xrn￿ '
7 xrn2 'x -n x Ucvd| Wkh fruuhvsrqglqj whupv lq wkh uhjuhvvlrq duh=
xrn￿7 5
|
rn￿ nx r n27 5
|
rn2 ' 2Ex- ULtE|wnx Ut?E|w
Wkxv/ wkh uhjuhvvlrq zloo lqfoxgh wkh h{wud uhjuhvvruv ULtE|w dqg t?E|wc zlwk








lv erxqghg/ zkhqhyhu wkh lqgh{ 6 fruuhvsrqgv wr wkh urrwv lq wkh fkdudfwhulvwlf
sro|qrpldo/ wkdw lv/ 6  r	rn 
4:615 Vrph dojrulwkpv iru hvwlpdwlrq
Wkh vwdwlvwlfdo dqdo|vlv ri +43, ohdgv wr d qrq0olqhdu uhjuhvvlrq sureohp vlqfh wkh
frh!flhqwv k6 dqg q6 hqwhu wkurxjk wkhlu surgxfw1 Zh khuh glvfxvv hvwlpdwlrq
ri wkh prgho zlwkrxw uhvwulfwlrqv rq ghwhuplqlvwlf whupv dqg phqwlrq lq wkh hqg
ri wklv vxevhfwlrq krz wr prgli| wkh dojrulwkp li wkh ghwhuplqlvwlf whupv duh
uhvwulfwhg/ dv lq prghov +44, dqg +45,1
Vlqfh wkh frlqwhjudwlrq prgho +43, grhv qrw uhvwulfw wkh pdwulfhv K￿ dqg
xc zh fdq frqfhqwudwh wkh olnholkrrg ixqfwlrq zlwk uhvshfw wr wkhvh dqg ghqh
uhvlgxdov -f|c-
E 6 ￿
￿ | cdqg -0| e| uhjuhvvlrq ri REuf|cf
E 6 ￿
| cdqg 0| rq (| dqg








￿| n -0| +46,
Dq dojrulwkp iru hvwlpdwlqj wklv prgho +vhh Ervzlmn 4<<8,/ lv wkh iroorz0
lqj= iru {hg q frh!flhqwv wkh prgho lv d olqhdu uhjuhvvlrq prgho wkdw ghwhu0











￿| 1 Iru {hg ydoxhv ri k dqg lc krzhyhu/ zh kdyh d olqhdu uh0
juhvvlrq prgho lq wkh q frh!flhqwv zklfk fdq eh hvwlpdwhg e| jhqhudol}hg ohdvw
vtxduhv1 Wklv ghwhuplqhv d vzlwfklqj dojrulwkp/ zklfk lq hdfk vwhs lqfuhdvhv
wkh olnholkrrg ixqfwlrq/ exw wkh vhfrqg vwhs lqyroyhv yhfwrul}lqj q6 vr zh qhhg
d wrwdo ri ?
Sr
6’￿ o6 uhjuhvvruv1
Dqrwkhu dojrulwkp fdq eh edvhg rq uvw dqg vhfrqg ghulydwlyhv ri wkh
olnholkrrg ixqfwlrq dqg dq dssolfdwlrq ri wkh Jdxvv Qhzwrq dojrulwkp1 Wklv
dojrulwkp dovr lqyroyhv d odujh qxpehu ri yduldeohv lq jhqhudo1
Ilqdoo|/ zh ghvfuleh dq dojrulwkp zklfk lv voljkwo| vlpsohu/ dqg zklfk
fdq eh suryhg wr jlyh hvwlpdwruv zklfk duh dv|pswrwlfdoo| htxlydohqw wr wkh
pd{lpxp olnholkrrg hvwlpdwruv/ vlqfh wkh uhjuhvvruv f
E6￿
| duh dv|pswrwlfdoo|










￿ $ fc5 ?9 '5 6c
vhh Fruroodu| :1
Wkh lghd ri wkh dojrulwkp lv wkdw zkhq irfxvvlqj rq rqh iuhtxhqf| zh fdq
frqfhqwudwh rxw wkh rwkhu uhjuhvvruv e| ljqrulqj wkh frqvwudlqw ri uhgxfhg udqn
dw wkhvh rwkhu iuhtxhqflhv/ vhh Ohh +4<<5,1 Lw lv dq lqwhuhvwlqj frqvhtxhqfh wkdw
4;li rqh shuirupv d xvxdo frlqwhjudwlrq dqdo|vlv iru wkh xqlw urrw 5 'zh jhw
frqvlvwhqw hvwlpdwruv/ hyhq wkrxjk wkhuh pd| eh vhdvrqdo frlqwhjudwlrq1 Ixu0
wkhupruh zh fdq pdnh ydolg dv|pswrwlf lqihuhqfh xvlqj wkh uhvxowv jlyhq odwhu1
Wkxv zh fdq iru lqvwdqfh whvw k|srwkhvhv rq wkh frh!flhqw ri wkh frlqwhjudwlqj
yhfwru zlwk dv|pswrwlf 2 whvwv1 Zkdw euhdnv grzq frpsohwho| ri frxuvh lv wkh
lqwhusuhwdwlrq/ vlqfh q
￿f| lv qrw vwdwlrqdu|1
Zh looxvwudwh wkh vlwxdwlrq ri d frpsoh{ urrw/ vlqfh wkh uhdo urrwv 4 dqg
 duh hdvlo| kdqgohg lq d vlplodu zd|1
Frqvlghu wkhuhiruh wkh vlwxdwlrq zkhuh/ vd|/ 5￿ ' e￿w dqg 52 ' e3￿w duh wzr
frpsoh{ urrwv zlwk f 	w	Z Qrwh wkdw Ee￿w' 7  E e 3 ￿w dqg f
E2￿
| ' 7 f
E￿￿
￿  Iru
qrwdwlrqdo uhdvrqv zh xvh k dqg q zlwkrxw vxevfulswv qrz dqg ohw k￿ ' kcq￿ ' q















￿| n -0| +47,
Zh frqfhqwudwh zlwk uhvshfw wr -
E6￿
￿| c zkhuh 6 9'E  c2c wkdw lv/ zh uhpryh
wkh uhvwulfwlrq ri uhgxfhg udqn dw 5￿cc5 r Wklv jlyhv uhvlgxdov Lf|cL ￿|c dqg
L0| dqg zh qg wkh htxdwlrqv
Lf| ' kq
WL￿| n7 k 7 q
W7 L ￿ |nL 0|
'2 -e@,dEk- n kUEq-  qU￿EL-| n LU|o n L0|
'2 d E k - q
￿
- n k U q
￿
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 L U|onL 0|
'2 E k - c  k U 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q -  q U



























Lq Dsshqgl{ D wkh pdwul{ uhsuhvhqwdwlrq ri frpsoh{ qxpehuv dqg pdwul0
fhv lv h{sodlqhg1 Wklv uhsuhvhqwdwlrq lv qrwhg wkurxjkrxw e| erogidfh1 Vlqfh






| lv uhdo/ vxfk wkdw
erwk Lf| dqg L0| duh uhdo1 Wkh vwdwlvwlfdo sureohp dsshduv wr eh d uhgxfhg udqn
uhjuhvvlrq sureohp/ dw ohdvw li ?:2 o ￿ cexw wkh pdwul{  lv qrw xquhvwulfwhg
vlqfh/ e| frqvwuxfwlrq/ lw pxvw kdyh frpsoh{ vwuxfwxuh1
4<Lq rughu wr h{suhvv wkh sduwldoo| pd{lpl}hg olnholkrrg ixqfwlrq zh lqwur0









































Ilqdoo|/ zh ghqh 7￿￿￿f ' 7￿￿  7￿f7
3￿
ff 7f￿
Iru {hg ydoxh ri  zh fdq frqfhqwudwh wkh olnholkrrg ixqfwlrq zlwk uhvshfw













Wklv plqlpl}dwlrq fdqqrw eh vroyhg dv dq hljhqydoxh sureohp vlqfh wkh 2? 
2o pdwul{  kdv frpsoh{ vwuxfwxuh zkloh 7￿￿ dqg 7￿￿￿f gr qrw kdyh frpsoh{
vwuxfwxuh1
Zh fdq plqlpl}h +49, e| dq lwhudwlyh surfhgxuh xvlqj wkh Jdxvv Qhzwrq
dojrulwkp ru zh fdq xvh wkh lghd ri vzlwfklqj ehwzhhq +Y kcl dqg  dv lq +48,
Dsso|lqj wkh vzlwfklqj dojrulwkp khuh rqo| lqyroyhv 2?o￿ sdudphwhuv iurp wkh
frlqwhjudwlqj uhodwlrqv dqg d vlplodu qxpehu iurp wkh dgmxvwphqw frh!flhqwv1
Ilqdoo|/ wkh pd{lpxp olnholkrrg hvwlpdwru fdq eh fdofxodwhg lwhudwlyho|
dv iroorzv1 Iru {hg ydoxhv ri q2ccqr zh frqfhqwudwh wkh olnholkrrg ixqfwlrq
zlwk uhvshfw wr k2cck rWkhq wkh htxdwlrqv kdyh wkh irup +48, dqg zh dsso|
wkh vzlwfklqj dojrulwkp wr ghwhuplqh k￿ dqg q￿ Qh{w { q￿cq￿ccqr dqg uh0
shdw wkh surfhgxuh dv deryh xqwlo frqyhujhqfh1 Lq wklv zd| rqh fdq/ e| irfxvvlqj
rq rqh iuhtxhqf| dw d wlph/ uhgxfh wkh glphqvlrq ri wkh pdwulfhv lqyroyhg lq
wkh uhjuhvvlrqv1
Li lqvwhdg zh frqvlghu wkh sureohp ri uhgxfhg udqn dw w 'fru Z wkhq
zh jhw wkh surgxfw prphqwv dv ehiruh exw qrz zlwk f
E￿￿
| c vd|/ fruuhfwhg iru
doo wkh rwkhu frpsrqhqwv1 Lq wklv fdvh doo uhvlgxdov duh uhdo dqg wkh pdwulfhv
7￿￿c7 f￿c dqg 7ff duh doo ri glphqvlrq ??c dqg wkh sureohp fdq wkhq eh vroyhg
e| uhgxfhg udqn uhjuhvvlrq/ vhh Ohh +4<<5,1
53Ilqdoo| zh fdq xvh wkh vdph lghdv wr hvwlpdwh prghov +44, dqg +45, zlwk
wkh ydulrxv uhvwulfwlrqv rq ghwhuplqlvwlf whupv1 Wkh frh!flhqwv x￿ zlwk :r c
dqg srvvleo|  ' cfdq eh frqfhqwudwhg rxw lq wkh suholplqdu| uhjuhvvlrq/ dqg
lq wkh uhgxfhg udqn uhjuhvvlrqv zh mxvw uhsodfh f
E￿￿





| c 7 5|



























Lq vxppdu| wkh dqdo|vlv lv= lq prgho +44,/ zh frqfhqwudwh rxw wkh frh!flhqwv
x￿c:r cxvlqj uhjuhvvlrq1 Wkh vzlwfklqj dojrulwkp lv wkhq dssolhg wr wkh
uhvlgxdov iurp wkh h{whqghg yduldeohv f
E6￿
e| 'E f
E 6 ￿ ￿
| c 7 5 |
6  1 Lq prgho +45, zh
holplqdwh x￿ e| uhjuhvvlrq dqg gr qrw h{whqg wkh yduldeoh f
E￿￿
| 
Wkh dojrulwkp kdv ehhq surjudpphg lq Jdxvv/ vhh Vfkdxpexuj +4<<9,
dqg UDWV/ vhh Gdko Shghuvhq +4<<9,1
616 K|srwkhvhv ri lqwhuhvw
Wkh uvw k|srwkhvlv ri lqwhuhvw lv wkh whvw iru uhgxfhg udqn dw frpsoh{ iuhtxhqf|1
Wklv uhtxluhv pd{lpl}dwlrq ri wkh olnholkrrg ixqfwlrq xqghu prgho MEoc wkdw
lv/ wkh dvvxpswlrq ri uhgxfhg udqn o dw wkh frpsoh{ iuhtxhqf| w dv glvfxvvhg
lq wkh suhylrxv vxevhfwlrq1 Zh wkhq frpsduh wkh pd{lpxp zlwk wkh pd{lpxp
rewdlqhg iurp wkh xquhvwulfwhg YDU/ zklfk fruuhvsrqgv wr o ' ?1W k x v / w k h
whvw vwdwlvwlf lv








Rwkhu k|srwkhvhv ri lqwhuhvw duh k|srwkhvhv rq wkh frlqwhjudwlqj frh!0
flhqwv  Wkh prvw lqwhuhvwlqj shukdsv lv wkh k|srwkhvlv wkdw  lv uhdo/ vlqfh
zlwkrxw wklv vlpsoh vwuxfwxuh wkh lqwhusuhwdwlrq ehfrphv udwkhu whglrxv1 Wklv








54Qrwh wkdw gxh wr wkh qrq0lghqwlfdwlrq ri  zh fdq htxlydohqwo| irupxodwh







zklfk doorzv iru d vlpsoh lqwhusuhwdwlrq/ vhh wkh h{dpsohv lq vxe0vhfwlrq 5171
Pd{lpl}dwlrq ri wkh frqfhqwudwhg olnholkrrg ixqfwlrq +49, xqghu dq| ri wkhvh
uhvwulfwlrqv djdlq uhtxluhv dq lwhudwlyh dojrulwkp1 E| frpsdulqj wkh rewdlqhg
pd{lpd zlwk dqg zlwkrxw uhvwulfwlrqv +4:, dqg +4;, zh rewdlq wkh olnholkrrg
udwlr whvw vwdwlvwlf1 Sulru k|srwkhvhv derxw wkh vwuxfwxuh ri wkh frlqwhjudwlqj
uhodwlrqv duh whvwhg e| wkh olnholkrrg udwlr whvw/ e| vxlwdeo| prgli|lqj wkh pd{0
lpl}dwlrq dojrulwkp1
Wkh dv|pswrwlf uhvxowv wkdw doorz wkhvh surfhgxuhv wr eh dssolhg lq sudf0
wlfh duh jlyhq lq wkh qh{w vhfwlrqv1
7 Dv|pswrwlf uhvxowv
Wklv vhfwlrq ghdov zlwk vrph whfkqlfdo uhvxowv rq dv|pswrwlf ehkdylru ri ydulrxv
surfhvvhv dqg surgxfw prphqwv1 Wkh surriv duh jlyhq lq Dsshqgl{ D1 Zh dv0
vxph wkurxjkrxw wkdw wkh surfhvvhv duh jhqhudwhg e| dxwruhjuhvvlyh htxdwlrqv
zlwkrxw ghwhuplqlvwlf whupv dqg wkdw wkh 0 duh l1l1g1 zlwk phdq }hur dqg ydul0
dqfh l Zh vwduw zlwk wkh vxpv 7
E6￿
| dqg wkhq qg wkh olplwlqj ehkdylru ri
f
E6￿
| dqg qdoo| lqyhvwljdwh 7￿￿c7 ￿fc7 ffc dqg 70￿ zklfk duh edvhg rq uhvlgxdov
iurp wkh uhjuhvvlrq +48,1
Wkh olplw glvwulexwlrq ri wkh 7
E6￿
| lv irxqg lq Fkdq dqg Zhl +4<;;, zkr
vkrz wkh iroorzlqj uhvxow=
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U duh lqghshqghqw Eurzqldq prwlrqv zlwk yduldqfh pdwul{
lc li w6 9'E f cZ Iru w6 5i f cZj/ ` 6 lv d Eurzqldq prwlrq zlwk yduldqfh
pdwul{ l Pruhryhu wkhvh Eurzqldq prwlrqv duh lqghshqghqw iru glhuhqw ydoxhv
ri w61
55Dqrwkhu uhvxow wkdw iroorzv iurp wkhlu fdofxodwlrqv lv wkh iroorzlqj1

































Li ixuwkhu sE| lv d frpsoh{ ixqfwlrq vxfk wkdw 8E|'
S |











￿ $ f +55,

Wkh qrq0vwdwlrqdu| frpsrqhqw ri f
E6￿
| lv 7 5|
67
E6￿
| dqg wkh uhvxowv ri Ohppd
8 dqg Wkhruhp 9 wudqvodwh lqwr uhvxowv derxw surgxfw prphqwv lqyroylqj f
E6￿
| 
Fruroodu| : Wkh dv|pswrwlf surshuwlhv ri wkh surfhvv dqg surgxfw prphqw pd0






















































zkhuh B6 dqg `6 duh jlyhq lq Ohppd 8/ dqg 6 lq Wkhruhp 61
Qh{w zh qg wkh dv|pswrwlf surshuwlhv ri wkh surgxfw prphqw pdwulfhv
7ffc7 ￿fc7 ￿￿c dqg 7￿0 Wkhvh duh ghqhg lq whupv ri uhvlgxdov Lf|cL ￿|/d q gL 0|




U| c dqg REuf| fruuhfwhg iru f
E6￿
| c
6 9'E  c2

















U  Zlwk wkh pdwul{



















































































































| c69 ' c2
r
c
wkdw lv/ wkh j0hog jhqhudwhg e| wkh vwdwlrqdu| surfhvvhv lq wkh prgho h{fhsw




U| Qrwh wkdw I| lv jhqhudwhg e| yduldeohv
ehiruh wlph |/v l q f hf
E 6 ￿
| ghshqgv rq odjjhg f|
































Ohppd ; Wkh iroorzlqj lghqwlwlhv krog
Pfq 'Y k P qqc +5;,
Pff 'Y k
















ff Y k 'f  +64,
57Wkhruhp < Dv|pswrwlf surshuwlhv ri surgxfw prphqw pdwulfhv ghqhg iurp
f
E￿￿
| c fruuhfwhg iru f
E6￿











































Qrwh wkdw 7￿￿ lv 2?  2? exw grhv qrw kdyh frpsoh{ vwuxfwxuh1 Wkh olplw
ri A 3￿7￿￿c krzhyhu/ kdv frpsoh{ vwuxfwxuh dv gr wkh pdwulfhv ￿ dqg `￿1
Qrwh dovr wkdw wkh `￿ surfhvv dsshdulqj lq Wkhruhp < lv wkh frpsoh{ ydoxhg
Eurzqldq prwlrq `￿ iurp Ohppd 8 lq wkh pdwul{ uhsuhvhqwdwlrq ri frpsoh{
surfhvvhv1
8 Dv|pswrwlf lqihuhqfh rq udqn dqg frlqwhjudw0
lqj uhodwlrqv
Wkh pdlq uhvxow derxw wkh hvwlpdwru 	 q lv wkdw lw lv dv|pswrwlfdoo| pl{hg Jdxv0
vldq vxfk wkdw dv|pswrwlf lqihuhqfh rq lwv frh!flhqwv fdq eh frqgxfwhg lq wkh
2 glvwulexwlrq1 Wkh whvw vwdwlvwlf iru k|srwkhvhv rq wkh udqn dw vhdvrqdo iuh0
txhqf| kdv d olplw glvwulexwlrq/ zklfk lv vlplodu wr wkh xvxdo rqh dw iuhtxhqf|
}hur/ zkhq h{suhvvhg lq whupv ri wkh frpsoh{ Eurzqldq prwlrq1
814 Wkh dv|pswrwlf glvwulexwlrq ri 	 
Dowkrxjk lw lv qhfhvvdu| wr dsso| qxphulfdo dojrulwkpv iru fdofxodwlqj 	 /z h
fdq xvh wkh ghulyhg h{suhvvlrq iru wkh olnholkrrg ixqfwlrq +49, wr rewdlq wkh
dv|pswrwlf glvwulexwlrq ri wkh pd{lpxp olnholkrrg hvwlpdwru1 Wklv lv grqh e|
h{sorlwlqj wkh idfw wkdw 	  pxvw eh d vroxwlrq wr d vhw ri uvw rughu frqglwlrqv
iru pd{lpl}lqj +49,1
Wkh sdudphwhu  lv qrw lghqwlhg xqohvv qrupdol}hg lq vrph zd|1 Wklv
qrupdol}dwlrq fdq eh dffrpsolvkhg e| ghqlqj K ' EM￿3￿ iru vrph M E2?
582o ri frpsoh{ vwuxfwxuh zlwk wkh surshuw| wkdw 
￿M kdv ixoo udqn/ dqg ohw
K ' 
￿Mc vxfk wkdw 
￿ ' K
￿
K1 Iru wkh dqdo|vlv lq wkh iroorzlqj lw lv
frqyhqlhqw uvw wr qrupdol}h wkh hvwlpdwru rq wkh wuxh ydoxh  dqg fkrrvh
M ' 7  ' E
￿3￿1 Zh wkxv ghqh   ' 	 E7 
￿	 3￿c dqg qrwh wkdw

￿E   'f 
Wkxv/ zh rqo| kdyh wr lqyhvwljdwh wkh olplw ri A 7 
￿
zE 1 Uhvxowv duh jlyhq iru
wkh prgho zlwkrxw ghwhuplqlvwlf whupv dqg odwhu lw lv phqwlrqhg krz wkh| duh
prglhg iru prghov +44, dqg +45,1 Wkh uhvxow lv jlyhq iru wkh fdvh ri d frpsoh{
iuhtxhqf|/ vlqfh wkh uhvxow iru wkh fdvh w ' Z fdq eh suryhg h{dfwo| dv iru wkh
fdvh w 'f czklfk lv zhoo nqrzq lq wkh olwhudwxuh/ vhh Mrkdqvhq +4<<9,1
Wkhruhp 43 Lq wkh prgho zlwk qr ghwhuplqlvwlf whup wkh dv|pswrwlf glvwulex0
wlrq ri wkh hvwlpdwru   lv frqvlvwhqw dqg dv|pswrwlfdoo| pl{hg Jdxvvldq=
A 7 
￿






























k -  k U




q -  q U
q U q -
$

Vlqfh wkh xsshu ohiw kdqg fruqhu dqg wkh orzhu uljkw kdqg fruqhu ri wkh
pdwul{ A 7 
￿
zE    duh lghqwlfdo/ wkhuh lv vrph uhgxqgdqf| exlow lqwr wkh qr0
wdwlrq1 Qrwh wkdw 6 dqg V duh lqghshqghqw1 Zlwk wkh suhvhqw qrwdwlrq wkh
uhvxowv dsshdu dv wkh xvxdo rqhv iru wkh fdvh ri d xqlw urrw 5 ' / vhh Mrkdqvhq
+4<<9,1
Surri1 Wkh surri wkdw wkh pd{lpxp olnholkrrg hvwlpdwru lv frqvlvwhqw fdq
eh jlyhq dorqj wkh vdph olqhv dv wkh surri ri frqvlvwhqf| lq Mrkdqvhq +4<<:,1
Lw lv khuh srlqwhg rxw wkdw vlqfh wkh frlqwhjudwlrq prgho lv d vxe0prgho ri d
Jdxvvldq uhjuhvvlrq prgho/ lw lv srvvleoh wr qg dq xsshu erxqg ri wkh olnholkrrg
ixqfwlrq rxwvlgh d qhljkerukrrg ri wkh wuxh ydoxh1 Wklv lv wkhq dssolhg wr suryh
59frqvlvwhqf|1 Lq wkh iroorzlqj zh dvvxph wkdw   h{lvwv dqg lv frqvlvwhqw1 Lw
iroorzv wkdw  
￿
7￿￿ 
￿ $ Pqqc  
￿
7￿￿￿f 
￿ $ Pqq￿f dqg 7ff
￿ $ Pff Iurp







Zh h{sdqg wkh olnholkrrg ixqfwlrq durxqg   dsso|lqj wkh uhvxow
*L}mE% n 






Wklv jlyhv wkh uvw rughu frqglwlrq
|oidE 
￿7￿￿ 


















S 'f c +66,
zkhuh ^` S ghqrwhv wkh frpsoh{lhg pdwul{/ vhh Dsshqgl{ D1 Zh uvw qg wkh
zhdn olplw iru wkh pdwul{ lq +66, ehiruh lw lv frpsoh{lhg1 Pxowlso|lqj iurp wkh
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ff 7f￿z n J￿E
Iurp +48, zh qg
7f￿z 'Y k 
￿7 ￿￿z n 70￿z 'Y k E   
￿7 ￿￿z nY k  
￿
7 ￿￿z n 70￿z




















￿l3￿dY kE ￿7 z
￿
z7￿￿z n 70￿zoc
vlqfh wkh uvw whup lv }hur e| +64,/ dqg wkh frh!flhqw vlpsolhv e| +63,1 Wkh























5:zkhuh 6 ' 
￿
z￿`￿ dqg " lv wkh zhdn olplw ri A 7 
￿
































f E_`￿6￿ kdyh frpsoh{ vwuxfwxuh/ wkh uvw rughu frq0


























￿l3￿Y koS '2  ￿l 3 ￿dqg dY k
￿l3￿EU?cfo
















zkhuh V ' `￿
￿l3￿E￿l3￿3￿
Qh{w zh jlyh d uhvxow iru wkh hvwlpdwru ri  qrupdol}hg rq d pdwul{ M/
wkdw lv/ 	 K '  EM￿ 3￿
Wkhruhp 44 Ohw  eh wkh frlqwhjudwlqj yhfwru dw vhdvrqdo iuhtxhqf|/ qrupdo0
l}hg e| 
￿M 'U2o1 Lq wkh prgho zlwk qr ghwhuplqlvwlf whupv/ 	 K lv frqvlvwhqw
dqg dv|pswrwlfdoo| pl{hg Jdxvvldq=
AE	 K  














V 'E  ￿ l 3 ￿  
3 ￿  ￿ l 3 ￿ ` ￿ 















zklfk e| Wkhruhp < lv hvwlpdwhg frqvlvwhqwo| e|














5;Wkxv olqhdu dqg qrq0olqhdu ryhulghqwli|lqj k|srwkhvhv rq wkh frh!flhqwv
ri wkh mxvw lghqwlhg yhfwru K fdq eh whvwhg dv|pswrwlfdoo| e| frqvwuxfwlrq ri
|udwlrv xvlqj +69, dv yduldqfh pdwul{1
Surri1 Wkh surri ri +67, iroorzv iurp Wkhruhp 43 e| wkh h{sdqvlrq
	 K 'E U 2 ? E M
￿ 
3 ￿M
￿E   EM
￿
3￿ n ￿Em   m
2
Wkh surri wkdw +68, lv d frqvlvwhqw hvwlpdwru iroorzv iurp Wkhruhp <1
Li lqvwhdg zh frqvlghu wkh prghov +44, ru +45, zh jhw pxfk wkh vdph
uhvxowv1 D ghwdlohg vwxg| zloo vkrz wkdw wkh hvwlpdwhg frlqwhjudwlqj yhfwruv 	 q6
duh A frqvlvwhqw exw wkhlu h{whqvlrq 	 46 lv rqo| A
￿
2 frqvlvwhqw1 Wklv jlyhv vrph
gl!fxowlhv lq wkh irupxodwlrq/ exw wkh hqg uhvxow lv wkdw rqh fdq wuhdw wkh ixoo
h{whqghg yhfwru dv dv|pswrwlfdoo| Jdxvvldq zlwk d yduldqfh pdwul{ jlyhq e|
+69,/ vhh Kduer hw do1 +4<<;, iru wkh ghwdlov lq wkh fdvh ri }hur iuhtxhqf|1
815 Whvw iru frlqwhjudwlqj udqn
Wklv vhfwlrq frqwdlqv d whvw wr ghwhuplqh wkh udqn o ri q dw wkh vhdvrqdo iuh0
txhqf| 5￿ ' e￿w1 Zh khuh frqfhqwudwh rq ghulylqj wkh uhvxow iru whvwlqj dw
vwulfwo| frpsoh{ iuhtxhqflhv/ zklfk |lhogv d uhvxow vlplodu wr wkh xvxdo whvw exw
lqyroylqj frpsoh{ Eurzqldq prwlrqv1 Wkh uhvxowv iru w ' Z fdq eh irxqg lq
Ohh +4<<5,1 Zh irfxv rq wkh prgho zlwkrxw ghwhuplqlvwlf whupv dqg jlyh wkh
uhvxowv iru wkh rwkhu fdvhv zlwkrxw surri1
Wkhruhp 45 Lq wkh prgho zlwk qr ghwhuplqlvwlf whupv zh dvvxph wkdw wkh
frlqwhjudwlqj udqn dw frpsoh{ vhdvrqdo iuhtxhqf| lv o1 Wkh dv|pswrwlf glvwulex0
wlrq ri wkh olnholkrrg udwlr whvw vwdwlvwlf iru wkh k|srwkhvlv ri o	?frlqwhjudwlqj
























Wkh glvwulexwlrq lv wdexodwhg e| vlpxodwlrq lq Wdeoh 41



















Qrz fkrrvh  z ruwkrjrqdo wr   dqg xvh wkh lghqwlwlhv
mE c  z￿mm7￿￿mmE c  z￿m
































































dqg d vlplodu rqh iru wkh pdwul{ 7￿￿￿f wr suryh wkh h{suhvvlrq


















Wkh lghd ri wkh surri lv wr ghulyh wkh dv|pswrwlf glvwulexwlrq ri +6<, e|
qrwlqj wkdw lw lv d ixqfwlrq ri 	 c iru zklfk wkh glvwulexwlrq lv ghulyhg lq Wkhruhp
441
Iurp wkh frqvlvwhqf| ri   dqg  
￿
























dqg wkh vdph uhvxow krogv iru  
￿
z7￿￿￿f￿ q z Wkxv/ wkh udwlr lq +6<, whqgv wr 4/
dqg iurp +65,/
2*L}'EMEomME?
' A *L}mU2?  E 
￿













ff￿￿ q7f￿￿￿ q z
r
n J￿E
63Lq rughu wr ghwhuplqh wkh olplw ri wklv txdqwlw| zh uvw frqvlghu





￿ $ Pff  PfqP
3￿







z7￿f￿￿ ￿ '  
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z7￿0 n  
￿
z7￿￿Y k



















zE   Y k
￿ nJ￿E






























































































































































￿ kdyh frpsoh{ vwuxfwxuh1 Frp0




























E| fkrrvlqj wr h{suhvv wkh uhvxow lq whupv ri wkh frpsoh{ Eurzqldq prwlrq
zh qg wkdw/ dsduw iurp wkh idfwru ￿
2c wkh uhvxow orrnv olnh wkh uhvxow iru wkh uhdo
fdvh/ vhh Mrkdqvhq +4<<9,/ iru 5 ' / dqg Ohh +4<<5, iru wkh fdvh 5 ' 
Wkh uhvxow jlyhq lq +6:, fruuhvsrqgv wr irupxod +6168, lq Ohh +4<<5,1 Wkh
fdofxodwlrqv/ lq Ohh +4<<5,/ ri wkh olnholkrrg udwlr vwdwlvwlfv +6167,/ krzhyhu/ duh
qrw fruuhfw dqg wkhuh lv dq huuru lq wkh surri jlylqj wkh dv|pswrwlf surshuwlhv1
W k hf k r l f hr iB ^ fdqqrw eh pdgh dv vwdwhg mxvw ehorz +D175,1 Wkh uhvxowlqj
irupxod iru wkh olplw glvwulexwlrq lv/ krzhyhu/ fruuhfw1
Ilqdoo| frqvlghu wkh whvw iru frlqwhjudwlrq udqn dw frpsoh{ iuhtxhqf| zkhq
wkhuh duh ghwhuplqlvwlf whupv lq wkh prgho1
Wkhruhp 46 Lq prgho +44, wkh dv|pswrwlf glvwulexwlrq ri wkh whvw vwdwlvwlf iru


















zkhuh  lv vwdqgdug frpsoh{ Eurzqldq prwlrq ri glphqvlrq 2E?o dqg O '
E￿cU 2 ￿Wkh olplw glvwulexwlrq lv wdexodwhg lq Wdeoh 51
Qrwh krz wkh surshuwlhv ri wkh h{whqghg surfhvv Ef
E6￿￿
| c 7 5|
6￿ duh uh hfwhg
lq wkh h{whqghg Eurzqldq prwlrq O
Ilqdoo| lq prgho +45,/ zklfk doorzv iru d olqhdu wuhqg lq wkh surfhvv/ zh
qg wkh vdph uhvxow exw zlwk wkh ghqlwlrq ri O fkdqjhg1
Wkhruhp 47 Lq prgho +45, wkh dv|pswrwlf glvwulexwlrq ri wkh whvw vwdwlvwlf iru


















65zkhuh  lv vwdqgdug frpsoh{ Eurzqldq prwlrq ri glphqvlrq 2E?o dqg O '
E￿  7 ￿cU 2 ￿
Djdlq wkh surfhvv O uh hfwv wkh surshuwlhv ri wkh h{whqghg surfhvvc exw
wklv wlph f
E6￿
| lv fruuhfwhg iru lwv dyhudjh fruuhvsrqglqj wr wwlqj dq xquh0
vwulfwhg frqvwdqw lq wkh htxdwlrqv1 Qrwh wkdw wkh dyhudjh ri 5|
6 +iru 56 9' 
whqgv wr }hur vr wkdw   7  lv h{whqghg e| U2 dv ehiruh1 Wkh olplw glvwulexwlrq
lv wdexodwhg e| vlpxodwlrq lq Wdeoh 61
Wkh surriv ri Wkhruhpv 46 dqg 47 duh vlplodu wr wkh surri ri Wkhruhp 45/
dqg duh qrw jlyhq khuh1
Dsshqgl{ D
D 41 Frpsoh{ pdwulfhv dqg uhdo pdwulfhv zlwk frpsoh{ vwuxfwxuh







lq wkh vhqvh wkdw wklv uhsuhvhqwdwlrq suhvhuyhv olqhdu rshudwlrqv dqg dovr frpsoh{
pxowlsolfdwlrq/ wkdw lv/ li





















Zh vd| wkdw 8 lv frpsoh{/ exw wkdw 6 kdv frpsoh{ vwuxfwxuh1 Wkurxjkrxw zh
xvh erogidfh wr ghqrwh uhdo pdwulfhv zlwk wklv frpsoh{ vwuxfwxuh1 Qrwh wkdw li
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zlwk wkh surshuw| wkdw L2
2?' U2? dqg L2?








dqg li  kdv frpsoh{ vwuxfwxuh wkhq L2?L2^
￿ ' /v x f kw k d w'
SLi 










E nL 2 ?L
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E nL 2 ?L
￿
2 ^ ' 
U 





iru doo  zlwk frpsoh{ vwuxfwxuh lpsolhv wkdw S 'f 
D 51 Dv|pswrwlfv
Wklv dsshqgl{ frqwdlqv eulhi surriv ri vrph ri wkh whfkqlfdo uhvxowv vwdwhg
lq Vhfwlrq 71
Surri ri Wkhruhp 91 Wkh uvw uhvxow +53, iroorzv e| wkh frqwlqxrxv pds0
slqj wkhruhp dqg wkh vhfrqg +54, e| qrwlqj wkdw {7 7
E?￿
| '7 5 |
?0 |
Wkh wklug uhvxow +55, iroorzv e| d sduwldo vxppdwlrq1 Ohw mm2 ' |oiWj







' A 32 SA
|’￿ 7
E6￿
| E8E|  8E|  7
E?￿W
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 7
E ? ￿ W









| 8E|  7
E?￿W
|3￿  A 32 SA
|’￿ {7
E6￿
















vlqfh 8 lv erxqghg dqg A 3 ￿
27
E6￿
A frqyhujhv zhdno|1 Wkh vhfrqg dqg wklug whupv
















2 5 EA 3￿
2





| 8E|  {7
E?￿W
| m





| m5 E A 3 ￿ 
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  E7 565?
An￿
  7 565?
c
zklfk uhpdlqv erxqghg li 56 9' 5? Wkxv/ iru 56 9' 5? wkh surgxfw prphqw zloo
frqyhujh wr }hur/ zkhuhdv iru 56 ' 5? zh jhw wkh olplw vwdwhg/ zklfk suryhv +57,
dqg +58,1 Wkh uhvxow +59, iroorzv iurp +54,1 





| duh dv|pswrwlfdoo| lqghshqghqw +zklfk wkh| duh, exw wkh idfwru 7 5|
65|
?
zklfk dsshduv lq wkh vxppdwlrq1 Wkh idfwru 7 5|
6 frphv iurp wkh uhsuhvhqwdwlrq
ri f
E6￿




| grhv qrw lqyroyh wkh
olplw ri A 3 ￿
2
SA





Surri ri Ohppd ;1 Iurp wkh prgho htxdwlrqv





















lw iroorzv e| wdnlqj frqglwlrqdo yduldqfhv dqg fryduldqfhv jlyhq wkh odjjhg ydoxhv




| c wkdw +5;, dqg +5<,
krog1
68Lq rughu wr suryh +63, zh zulwh lw dv
Pqf 'P qq￿fY k
￿l
3￿Pffc







Diwhu vrph uhgxfwlrqv/ dsso|lqj Pqf 'Y k P qqc wkh uhodwlrq +63, uhgxfhv wr







zklfk iroorzv iurp wkh lghqwlw|
￿EU? n ￿3￿ 'E  ￿ EU on ￿ 3￿
Qh{w zh pxowlso| lq +64, e| Pqq￿f dqg Pqq dqg qg
Pqq￿f Pqq nP qfP
3 ￿
ff Pfq 'f c
zklfk lv }hur e| wkh ghqlwlrq ri Pqq￿f 
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 t?EEw6  w?|  t?EEw6 n w?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t?EEw?  w6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  t?EEw6 n w?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 ULtEEw6  w?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  ULtEEw6 n w?|

c
















zkhuh wkh odvw whup lv erxqghg zkhq vxpphg1
Khqfh A 3￿
E?c6￿


























69Vlploduo| zh qg wkdw iru 56 frpsoh{=

E6￿










































Li hlwkhu 56 ru 5? duh uhdo/ vlplodu uhvxowv fdq eh suryhg1 Ilqdoo|/ zh zdqw
wkh uhvxowv iru wkh surgxfw prphqw pdwulfhv frqvwuxfwhg iurp wkh uhvlgxdov L|1





lq xhqfhg e| wkh suholplqdu| uhjuhvvlrq rq wkh odjjhg ydoxhv ri REuf|c vlqfh
wkhvh duh vwdwlrqdu|1 Wkh pdwul{ 7￿￿ lv 
E￿c￿￿
￿￿ fruuhfwhg iru wkh rwkhu surfhvvhv1
Vlqfh wkh pl{hg prphqwv A 3￿
E?c6￿
￿￿ frqyhujh wr }hur/ wkh olplw ri A 3￿7￿￿ lv wkh
vdph dv wkdw ri A 3￿
E￿c￿￿
￿￿ 1 Vlploduo| wkh olplw ri 
E￿￿




Lq wklv Dsshqgl{ wkh dv|pswrwlf glvwulexwlrqv ri wkh olnholkrrg udwlr whvw
vwdwlvwlfv iru frlqwhjudwlqj udqn dw frpsoh{ iuhtxhqf| duh wdexodwhg1 Wkh olplw


















zkhuh  lv d 2E?  oglphqvlrqdo frpsoh{ Eurzqldq prwlrq/ dqg O lv vrph
surfhvv ghulyhg iurp  ghshqglqj rq wkh prgho iru wkh ghwhuplqlvwlf whupv1
Wkh Eurzqldq prwlrq  lv dssur{lpdwhg e| d eff 0 vwhs udqgrp zdon
dqg wkh vwdwlvwlf lv fdofxodwhg ffcfff wlphv1
Wkh dssur{lpdwlrq irupxodh xvhg duh dv iroorzv1 Ohw  'E  ￿
-c￿
U ￿ghqrwh
d 2E?o0glphqvlrqdo Eurzqldq prwlrq/ dqg ohw E0||Df eh d vhtxhqfh ri 2E?o0
























































Wkh h{whqvlrq ri wkh surfhvv f
E6￿
| zlwk 7 5|
6 jlyhv ulvh wr d frpsoh{ Eurz0



















Li wkh prgho kdv dq xquhvwulfwhg frqvwdqw wkh surfhvvhv fe| 'E f
E 6 ￿ ￿
| c7 5 |
6  ￿lv
fruuhfwhg iru d frqvwdqw1 Qrwh wkdw ￿
A
SA
|’￿ ULtEw6| $ fc vxfk wkdw olplw eh0
frphv

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Ervzlmn/ K1 S1/ 4<<8/ Lghqwldelolw| ri frlqwhjudwhg v|vwhpv/ Wlqehujhq
Lqvwlwxwh/ Glvfxvvlrq sdshu/ WL/ <80:;1
Fkdq/ Q1 K1 dqg F1 ]1 Zhl/ 4<;;/ Olplwlqj glvwulexwlrqv ri ohdvw vtxduhv
hvwlpdwruv ri xqvwdeoh dxwruhjuhvvlyh surfhvvhv/ Wkh Dqqdov ri Vwdwlvwlfv 49/
69:07341
Gdko Shghuvhq/ L1/ 4<<9/ D sudfwlfdo lpsohphqwdwlrq ri wkh vhdvrqdo frlq0
whjudwlrq wkhru|/ Pdvwhuv Wkhvlv/ Xqlyhuvlw| ri Frshqkdjhq/ <6 ss1
Hqjoh U1 I1/ Judqjhu/ F1 Z1 M1/ K|oohehuj/ V1/ dqg K1 V1 Ohh/ 4<<6/ Vhd0
vrqdo frlqwhjudwlrq= Wkh Mdsdqhvh frqvxpswlrq ixqfwlrq/ Mrxuqdo ri Hfrqrphw0
ulfv 88/ 5:805<;1
Hqjoh/ U1 I1 dqg V1 \rr/ 4<<4/ Frlqwhjudwhg hfrqrplf wlphv vhulhv= Dq
ryhuylhz zlwk qhz uhvxowv/ lq U1 I1 Hqjoh dqg F1 Z1 M1 Judqjhu/ hgv1/ Orqj Uxq
Hfrqrplf Uhodwlrqvklsv/ Uhdglqjv lq Frlqwhjudwlrq +R{irug Xqlyhuvlw| Suhvv/
R{irug,/ 56:05991
Iudqvhv/ S1 K1 dqg U1 P1 Nxqvw/ 4<<8/ Rq wkh uroh ri vhdvrqdo lqwhufhswv
lq vhdvrqdo frlqwhjudwlrq/ LKV zrunlqj sdshu/ Uhlkh Ùnrqrplh qr1 481
Juhjrlu/ V1/ 4<<6K/ Pxowlyduldwh wlph vhulhv zlwk ydulrxv klgghq xqlw urrwv=
Sduw L1 Lqwhjudo rshudwru dojheud dqg uhsuhvhqwdwlrq wkhruhp/ Glvfxvvlrq sdshu1
Juhjrlu/ V1/ 4<<6@/ Pxowlyduldwh wlph vhulhv zlwk ydulrxv klgghq xqlw urrwv=
Sduw LL= Hvwlpdwlrq dqg Whvw/ Glvfxvvlrq sdshu1
Kduer/ L1/ Mrkdqvhq V1/ Qlhovhq/ E1/ dqg D1 Udkehn/ 4<<;/ Dv|pswrwlf
lqihuhqfh rq frlqwhjudwlqj udqn lq sduwldo v|vwhpv/ Mrxuqdo ri Exvlqhvv dqg
Hfrqrplf Vwdwlvwlfv/ iruwkfrplqj1
K|oohehuj/ V1/ Hqjoh U1 I1/ Judqjhu/ F1 Z1 M1/ dqg V1 E1/ \rr/ 4<<3/
Vhdvrqdo lqwhjudwlrq dqg frlqwhjudwlrq/ Mrxuqdo ri Hfrqrphwulfv 77/ 548056;1
Mrkdqvhq/ V1/ 4<<9/ Olnholkrrg0edvhg Lqihuhqfh lq Frlqwhjudwhg Yhfwru Dx0
wruhjuhvvlyh Prghov/ 51hg1 +R{irug Xqlyhuvlw| Suhvv/ R{irug,1
Mrkdqvhq/ V1/ 4<<:/ Olnholkrrg dqdo|vlv ri wkh UE2 prgho/ Vfdqglqdyldq
Mrxuqdo ri Vwdwlvwlfv 57/ 76607951
Ohh/ K1 V1/ 4<<5/ Pd{lpxp olnholkrrg lqihuhqfh rq frlqwhjudwlrq dqg vhd0
vrqdo frlqwhjudwlrq/ Mrxuqdo ri Hfrqrphwulfv 87/ 407:1
Vfkdxpexuj/ H1/ 4<<9/ Lqihuhqfh lq vhdvrqdoo| lqwhjudwhg YDU prghov/
Pdvwhuv wkhvlv/ Xqlyhuvlw| ri Frshqkdjhq/ <; ss1
6<Wdeoh 4= Txdqwlohv ri wkh olplw glvwulexwlrq +75, +O ' , iru frlqwhjudwlqj udqn
dw vhdvrqdo iuhtxhqf| iru prgho +43, zlwk qr ghwhuplqvwlf whupv1 Wkh qxpehu
ri vlpxodwlrqv lv 433/333 dqg wkh udqgrp zdon kdv 733 vwhsv1
s0u 3134 3138 3143 3183 31:8 31;3 31;8 31<3 31<8 31<:8 31<<
4 31355; 31447 31567 4183 51<8 6174 61<< 71;3 9153 :18: <178
5 7154 81:7 91:6 4417 4719 4818 4919 4;14 5317 5519 5816
6 4916 4<17 5416 5<15 6714 6818 6:13 6<14 7516 7816 7;1<
7 6916 7414 761; 871; 9418 9615 9816 9:1< :513 :81: ;316
8 9714 :318 :715 ;;16 <919 <;1: 434 438 443 447 44<
9 <<19 43; 445 45< 46< 475 478 47< 488 493 499
: 476 486 48; 4:; 4<3 4<6 4<9 534 53: 546 553
; 4<7 538 544 568 57; 584 588 593 59; 5:7 5;5
< 585 598 5:5 5<< 646 64: 655 65: 669 676 685
43 64; 666 674 6:3 6;: 6<4 6<9 735 744 74< 75<
44 6<4 73; 74: 77< 79: 7:5 7:: 7;7 7<7 836 846
45 7:5 7<3 833 868 888 893 899 8:6 8;7 8<7 938
73Wdeoh 5= Txdqwlohv ri wkh olplw glvwulexwlrq +75, +O 'E  ￿cU 2 ￿, iru frlqwhjudwlqj
udqn dw vhdvrqdo iuhtxhqf| iru prgho +44, zlwk uhvwulfwhg vhdvrqdo gxpplhv dqg
frqvwdqw1 Wkh qxpehu ri vlpxodwlrqv lv 433/333 dqg wkh udqgrp zdon kdv 733
vwhsv1
s0u 3134 3138 314 318 31:8 31; 31;8 31< 31<8 31<:8 31<<
4 5155 6154 61<3 :16< 4313 431; 441: 451< 471< 491; 4<16
5 4516 471< 4918 5615 5:19 5;1; 6315 6513 671< 6:19 731<
6 6315 6717 6:13 791< 8613 8719 8918 8<13 951< 9916 :316
7 8913 941< 9816 :;17 ;913 ;;13 <317 <618 <;15 435 43:
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